Abstract. This short note has a twofold purpose:
Introduction
In this note the letters X 1 , ..., X n , X, Y, Z will always denote Banach spaces over K = R or C and X * represents the topological dual of X. The concept of absolutely p-summing linear operators is due to A. Pietsch [32] . If 1 ≤ q ≤ p < ∞, we say that a continuous linear operator u : X → Y is absolutely (p; q)-summing if (u(x j )) ∞ j=1 ∈ ℓ p (Y ) whenever (x j ) ∞ j=1 ∈ ℓ w q (X), where ℓ w q (X) := {(x j ) ∞ j=1 ⊂ X : sup ϕ∈B X * j |ϕ(x j )| q < ∞}. The class of absolutely (p; q)-summing linear operators from X to Y will be represented by Π p,q (X; Y ) and by Π p (X; Y ) if p = q. From now on the space of all continuous n-linear operators from X 1 × · · · × X n to Y will be denoted by L(X 1 , ..., X n ; Y ).
If 0 < p, q 1 , ..., q n < ∞ and ∞ j=1 ∈ ℓ w q k (X k ), k = 1, ..., n. In this case we write T ∈ Π n p;q 1 ,...,qn (X 1 , ..., X n ; Y ). If q 1 = · · · = q n = q, we sometimes write Π n p;q (X 1 , ..., X n ; Y ) instead of Π n p;q,...,q (X 1 , ..., X n ; Y ) and if q 1 = · · · = q n = q = p we simply write Π n p (X 1 , ..., X n ; Y ) instead of Π n p;p (X 1 , ..., X n ; Y ) . In the special case in which p = q/n this class has special properties and the operators in Π n q n ;q are called q-dominated operators. Here we will use the notation δ n q = Π n q n ;q . Finally, we recall the class of multiple (p; q)-summing multilinear operators. If 
.., n. In this case we write T ∈ Π mult,n p;q (X 1 , ..., X n ; Y ) or Π mult,n p (X 1 , ..., X n ; Y ) if p = q. For details on the linear theory of absolutely summing operators we refer to the classical monograph [17] and for recent developments we refer to [9, 12, 22, 23, 37] and references therein; for the multilinear theory we refer, for example, to [13, 30, 34] and references therein.
One important result of the linear theory of absolutely summing linear operators is Pietsch's composition theorem:
If p, q ∈ (1, ∞) and r ∈ [1, ∞) are such that
In a recent paper [36] this result is investigated in the context of multilinear mappings. The first question faced in [36] was to decide what should be the natural class of absolutely psumming n-linear mappings I n p such that the analogous result would hold in the multilinear setting. More precisely the following problem summarize mathematically the motivation of the paper [36] (see [36, Section 1] ):
, does the inclusion
always hold for all natural numbers n and some natural n-linear
In [36] it is shown that the inclusion (1.2) is far from being true for the class of dominated n-linear mappings, i.e., I . Then
for all natural numbers n.
In view of Theorem 1.3 the following problem is posed [36] (in the last section we use a very simple remark to solve this problem for all n ≥ p r ): Problem 1.4. Let p, q ∈ (1, ∞) and r ∈ (2, ∞) be such that
We believe that by considering different classes (p-dominated and absolutely r-summing n-linear operators), the Problem 1.2 becomes a little bit far from the original motivation (1.1). But, of course, Problem 1.2 has its intrinsic mathematical interest and a complete solution seems to be far from being simple.
It is worth mentioning that the class Π n r (although this class had been broadly explored by several authors and also offers interesting challenging problems) is usually not considered as a completely adequate extension of Π r , since several of the linear properties of Π r are not lifted to Π n r (this kind of fault of the class Π n r -and its polynomial version -was discussed in some recent papers (see, for example, [35, page 167] and [14, 15, 28] )). Using the terminology of [14] it can be said that the ideal of absolutely r-summing n-homogeneous polynomials (associated to Π n r ) is not compatible with the linear operator ideal Π r . For details on operator ideals we refer to the classical monograph [33] and [18] .
The case r = 1 of Theorem 1.3 ([36, Theorem 4]) deserves some special attention. Contrary to the case n = 1, for n ≥ 2, in many cases, i.e., for several Banach spaces X 1 , ..., X n , Y , the space Π n 1 (X 1 , ..., X n ; Y ) coincides with the whole space of continuous multilinear operators L(X 1 , ..., X n ; Y ) and Theorem 1.3 (with r = 1) becomes useless. For example:
• For all Banach spaces X 1 , ..., X n the folkloric Defant-Voigt Theorem asserts that
If each X j is a Banach space with cotype q j for every j and 1 ≤
It must be said that the paper [36] also presents several interesting variants of Theorem 1.3 (including the case r = 1), replacing, for example, Π n 1 by Π n t;r for some values of t, r (depending on n, in general).
This short note has two main goals. The first goal is to present the precise ideal I n p that solves completely Problem 1.1. Our second goal is to look for stronger variants of Theorem 1.3, specially under certain special cotype assumptions. For example (using a completely different approach from the one in [36] ), we show that when X j has cotype 2 for some j and Y has cotype 2 then the inclusion 
for all q ∈ [1, ∞), all r ∈ [1, 2] and all Banach spaces X 1 , ...X j−1 , X j+1 , ..., X n ,Z.
In the last section we give a simple partial answer to Problem 1.4 by showing that the inclusion holds whenever n ≥ p r (in fact we do not need that
. This fact is apparently overlooked in [36] ).
The solution to Problem 1.1
The ideal of absolutely p-summing linear operators has various possible generalizations to multi-ideals: absolutely p-summing multilinear operators ( [1, 26] ), p-dominated multilinear operators ( [3, 16, 24, 30] ), strongly p-summing multilinear operators ( [19] ), strongly fully p-summing multilinear operators ( [8] ), multiple p-summing multilinear operators ( [25, 31] ), absolutely p-summing multilinear operators by the method of linearization ( [4] ), p-semiintegral multilinear operators ( [13] ) and the composition ideal generated by the ideal of absolutely p-summing linear operators ( [10] ).
Each of these classes has its own properties and shares part of the spirit of the linear concept of absolutely p-summing operators. The richness of the multilinear theory of absolutely summing operators and multiplicity of different possible approaches has attracted the attention of several mathematicians in the last two decades. One of the beautiful features is that no one of these classes shares all the desired properties of the ideal of absolutely psumming linear operators and depending on the properties that one looks for, the "natural" class to be considered changes. However, it seems to be clear that the most popular classes until now are the ideals of p-dominated multilinear operators and multiple p-summing multilinear operators (but the classes that seem to be closest to the essence of the linear ideal are, in our opinion, the classes of strongly p-summing multilinear operators and strongly fully (also called strongly multiple) p-summing multilinear operators). For a recent survey on this subject we refer to [28] .
In this section we remark that the composition ideal generated by the absolutely psumming multilinear operators is precisely the class that completely answers Problem 1.1.
If I is an operator ideal it is always possible to consider the class
where L n denotes the class of all continuous n-linear operators between Banach spaces. So, for Banach spaces X 1 , ..., X n , Y, Z, an n-linear operator T :
.., X n ; Y ) if and only if there are a Banach space Z, a map A ∈ L(X 1 , ..., X n ; Z) and v ∈ I(Z; Y ) so that
It is well known that C n I is an ideal of n-linear mappings (for details see [10] ). The case where I = Π 1 was investigated in [10] , where it was shown that this class lifts, to the multilinear setting, various important features of the linear ideal, such as a DvoretzkyRogers theorem, a Grothendieck theorem and a Lindenstrauss-Pe lczyński theorem (three important cornerstones of the linear theory of absolutely summing operators). The solution to Problem 1.1 is now quite simple and the proof is a straightforward consequence of Pietsch's composition theorem for absolutely summing linear operators: [14] ), reinforcing that the composition method is an adequate method for generalizing the ideal of absolutely summing operators.
Some remarks related to Problem 1.2
Although the very simple solution to Problem 1.1, we do think that Problem 1.2 is interesting and now we investigate how the results from [36] can be improved in certain special situations. In view of the intuitive "small size" (in general) of the class δ n p (see [6, 7, 11] for details that justify this intuition), in this section we look for results of the type
for q, r, s ∈ [1, ∞), i.e., for stronger results than those proposed in the Problem 1.2. More precisely, for fixed Banach spaces X 1 , ..., X n , Y, Z with certain properties we try to find t, l, r, s so that
In view of the important effect that cotype properties play in the theory of absolutely summing operators (see for example [5, 12, 27, 38] ), in the next section we, in some sense, complement the results of [36] by exploring the cotype of the Banach spaces involved.
If Y = K the following result gives an important and useful estimate for the "size" of the set of all p-dominated scalar-valued multilinear operators: Theorem 3.1 (Floret, Matos (1995) and Pérez-García (2002)). If X 1 , ..., X n are Banach spaces then
More precisely this result is due to Floret-Matos [20] for the complex case and due to D. Pérez-García [29] for the general case. It is worth mentioning that, besides not explicitly mentioned, this result seems to be essentially re-proved in [36] .
The following result is an application of the previous theorem:
.., X n , Y, Z are Banach spaces, then
for all s ≥ 1.
We thus conclude that R(x
When X 1 = · · · = X n are L ∞ spaces we have a quite stronger result:
∈ ℓ r and thus R(x
Exploring the cotype of the spaces involved
In this section we will need, as auxiliary results, some inclusions involving cotype and absolutely summing multilinear operators. The following results can be found in [ Theorem 4.1 (Inclusion Theorem). Let X 1 , ..., X n be Banach spaces with cotype s and n ≥ 2 be a positive integer:
As we will see in the next results, a far-reaching version (of independent interest) of this theorem is valid. This result uses arguments from [2] and, in essence is contained in [2] s,t,. ..,t) (X 1 , ..., X n ; Z) ⊂ Π n (p;p,t,...,t) (X 1 , ..., X n ; Z) for all X 2 , ..., X n ,Z and all t ≥ 1. In particular
Proof. Since X 1 has cotype 2, then, using results from [2] , we have A similar result holds for spaces with cotype greater than 2:
Theorem 4.4. If X 1 has cotype s > 2 and 1 ≤ p ≤ q < s * , then Π n (q;q,t,...,t) (X 1 , ..., X n ; Z) ⊂ Π n (p;p,t,...,t) (X 1 , ..., X n ; Z) for all X 2 , ..., X n ,Z and all t ≥ 1. In particular Π n (q;q,...,q) (X 1 , ..., X n ; Z) ⊂ Π n (p;p,q,...,q) (X 1 , ..., X n ; Z) ⊂ Π n (p;p,p,...,p) (X 1 , ..., X n ; Z). 
for all Banach spaces X 1 , ..., X n , Z.
In particular, the previous result shows that
for all Banach spaces X 1 , ..., X n , Z and Y with finite cotype s.
We will focus our attention in the case s = 2 of Proposition 4.6. It is well-known that if X 1 , ..., X n , Y have cotype 2, then Π mult,n 2 (X 1 , ..., X n ; Y ) = Π mult,n r (X 1 , ..., X n ; Y ) for every 1 ≤ r ≤ 2. Hence
for all q ∈ [1, ∞), 1 ≤ r ≤ 2 and all Banach space Z.
Under the assumptions of Proposition 4.6 in general Π
. In fact Theorem 4.2 (and Remark 4.5), in particular, assures that if some X j has cotype 2, then Π n (2;2,2,...,2) (X 1 , ..., X n ; Z) ⊂ Π n (p;p,p,...,p) (X 1 , ..., X n ; Z) for all 1 ≤ p ≤ 2. So we have: Corollary 4.8. If X j has cotype 2 for some j and Y has cotype 2 then
for all q ∈ [1, ∞), all r ∈ [1, 2] and all Banach spaces X 1 , ..., X j−1 , X j+1 , ..., X n , Z.
Hence Corollary 4.8 is quite stronger from Theorem 1.3 for this special case where X j has cotype 2 for some j and Y has cotype 2. Now we explore some consequences of Proposition 3.2. Note that if Y and Z have cotype 2, for example, it is well-known that Π 1 (Y, Z) = Π q (Y, Z) for all 1 ≤ q < ∞ (see [17, Corollary 11.16] ) and we get: for all q ∈ [1, 2] and all Banach spaces X 1 , ..., X n , Z.
A partial solution to Problem 1.4
In this last section we present some very simple but apparently useful and overlooked remarks on Problem 1.4. It is easy to see that 
